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The resummed quark form factor in dimensional regularization 

L. Magnea a 

a Dipartimento di Fisica Teorica, Universita di Torino 
and I.N.F.N., Sezione di Torino 
Via P. China 1, 1-10125 Torino, Italy 

The resummed expression for the quark form factor illustrates the fact that dimensional continuation provides 
a regularization not only for ultraviolet and infrared singularities of fixed order QCD amplitudes, but also for the 
Landau pole arising in resummed calculations. Explicit renormalization group invariant analytic expressions for 
the logarithm of the form factor are given up to two-loop order in the QCD f3 function. 



1. Introduction 

The resummation of perturbation theory for 
the form factor of charged gauge particles has a 
long history, and has gone through several lev- 
els of refinement, starting with the seminal work 
of Sudakov B. The complete exponentiation of 
the form factor can be achieved by deriving and 
solving an evolution equation governing its energy 
dependence, as was done in Ref. 0, by several 
authors, using different techniques. An instruc- 
tive introduction to some of these techniques can 
be found in Ref. [||. The usefulness of dimen- 
sional regularization for the implementation and 
the solution of the evolution equation was first 
noticed in Ref. Q, where an explicit exponenti- 
ated solution for the form factor, directly compa- 
rable with diagrammatic calculations, was given, 
and also the ratio of the timelike to the space- 
like form factor was computed. This solution ex- 
presses the logarithm of the form factor in terms 
of integrals over the scale of the running cou- 
pling, with an integration region extending all the 
way to /i 2 = 0, as always in resummed expres- 
sions for QCD amplitudes and cross sections. In 
d = 4, these integrals are ill-defined because of 
the Landau pole singularity in the running cou- 
pling, and typically the ensuing ambiguity in the 
resummed expression is taken as an estimate for 
the size of nonperturbative, power-suppressed ef- 
fects [||. More recently ||, I have shown that 
dimensional continuation provides a natural and 
gauge invariant way to regularize the Landau sin- 



gularity; the integrals over the scale of the cou- 
pling can then be explicitly evaluated in terms 
of analytic functions of the coupling and of the 
space-time dimension, which are renormalization 
group invariant by inspection to the desired accu- 
racy in the QCD j3 function. Here, I will briefly 
review the results of Ref. || , emphasizing the spe- 
cial role played by dimensional regularization and 
the fate of the Landau pole. 

2. Resumming the form factor with dimen- 
sional regularization 

For definiteness, consider the timelike electro- 
magnetic quark form factor in dimcnsionally reg- 
ularized massless QCD, defined by 

T ti ( PllP2]f i 2 1 e) = (0|J M (0)|pi,p 2 ) (2.1) 
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= -iee q v{p 2 )^ fJ ,u(pi) T ^ — ,a s (fx ),e 

where is the electromagnetic current, Q 2 = 
(pi + P2) 2 , and e = 2 - d/2 < to regulate IR 
divergences in the renormalizcd theory. As de- 
scribed in Ref. || , the Q 2 dependence of the form 
factor is determined by an evolution equation of 
the form 
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(2.2) 



K(e,a s (fi 2 )) +Gp%,« s (/i 2 ),e 



Q 2 



The function G contains the Q 2 dependence and 
is finite in the limit e — > 0, while the function K is 
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a pure counterterm; furthermore, K and G must 
renormalize additively with the same anomalous 
dimension to preserve the renormalization 
group invariance of the full form factor: thus, 
dG/dln^i — —dK/dlrifi — Jk(&s)- The func- 
tions K, G and jk are perturbatively calculable 
and known to two loops. 



Dimensional regularization affects Eq. (2.2) in 
two crucial ways. First, renormalization group 
evolution is dictated by the d-dimensional (3 func- 
tion, 



dot 

/3(e, a s ) = H-q^ = ~2ea s + (3(a s ) 



(2.3) 



where (3{a s ) is the usual (3 function in d = 4. As 
a consequence, for example, the one-loop running 
coupling takes the form 



2 ,a s Ou ),e ) = a s (/u ) 
Mo 



(2.4) 



with 6 = (HCU — 2n/)/3. The second effect 
of dimensional regularization is that one may ex- 
plicitly solve the evolution equation {2/2) with the 
simple boundary condition 



r(0,a s ( M 2 ),e) = 1 ■ 



(2.5) 



This can be seen by considering the perturbative 
expansion for r(Q 2 ), in which each term must 
be proportional to a positive integer power of 
(/U 2 /(— Q 2 )) e , or alternatively by noting tha t the 
d-dimensional running coupling in Eq. (2.4) van- 
ishes, when /i 2 — > 0, as [i~ 2t . One can then solve 
Eq. (2.2) obtaining 
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Eq. (2.6) was used in Ref. || to derive an ex- 
plicit representation for the ratio r(Q 2 )/r(— Q 2 ), 
which is phcnomcnologically relevant bcacusc it 



enters directly the resummed partonic cross sec- 
tion of the Drell-Yan process [Q. 

A further illustration of the power of dimen- 
sional regularization is given by the computation 
of the "counterterm" function K(e, a s ) ||. In a 
minimal scheme, K depends on fi only through 
the coupling a s (^ 2 ); thus, its RG equation be- 
comes a recursion relation, expressing all higher 
order poles in terms of the perturbative coeffi- 
cients of the simple pole, these in turn being de- 
termined by the anomalous dimension 7^. In 
particular, writing 



K(e,a s ) = K m {e,a s ) 
m=0 

00 . 
« — ■» / v / rv \ n+ra 1 



(2.7) 



one observes that all leading poles (to = 0) are 
determined by one loop calculations, while in gen- 
eral the coefficients of the poles contributing to 
JC m require a calculation to to + 1 loops. It turns 
out [|| that the recursion relation determining the 
coefficients whi ch depends on the [3 func- 

tion given by Eq. ( 2^3 ) , can be solved completely, 
including all orders in [3{a s ). Furthermore, all the 
resulting series of poles /C m (e, a s ) can be summed, 
and yield analytic functions of a s and e that are 
regular as e — * for to > 0. The only singularity 
in the resummed expression for K(e,a s ) is log- 
arithmic and completely determined by the one- 
loop [3 function and the one-loop coefficient in the 
anomalous dimension jk . Specifically, including 
only one-loop results, one finds 
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which is exact for n - 
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(m— n-\-l) 
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to and implies 

boa s 
4ire 



(2.9) 



Notice that the function ICo(e, a s ) has a cut in the 
e complex plane running from e = — 6oa s /(47r) 
to e = - . This cut is a direct consequence of 
the Landau singularity in the one-loop running 
coupling, as I will discuss in the next section. 
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3. The fate of the Landau pole 

To understand why dimensional continuation 
allows for such explicit evaluations of resummed 
quantities in QCD, one may consider the one- 
loop /3 function at e < 0, as given by Eq. ( |2 . 3[ ) . It 
is apparent that instead of the usual (double) zero 
at a s = 0, the dimensionally continued /3 function 
has two distinct zeroes, one at the origin and one 
located at a s = —4ire/b . For e < 0, this sec- 
ond zero is the asymptotically free one, while at 
the origin in the a s plane the (3 function vanishes 
with positive derivative, as it would in a QED- 
like theory. This is a different way of expressing 
the fact that the running coupling vanishes like 
a power of the scale for e < 0, as pointed out in 
Section ||5 The presence of the second, asymp- 
totically free zero of the (3 f unct ion is manifest in 
the explicit expression, Eq. ( |2.4| ), for the one-loop 
running coupling. In fact, Eq. ([Q|), just like the 
four-dimensional running coupling, has a simple 
pole in the /z 2 complex plane, located at 



A 



47T£ 



b a s (Q 2 ) 



-l/e 



(3.10) 



which can be used to define the coupling, just as 
in conventional dimensional transmutation, 



« S (Q 2 ) 



47T6 
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- 1 



(3.11) 



What has changed as an effect of dimensional con- 
tinuation is the fact that now the Landau pole is 
not necessarily located at real values of the renor- 
malization scale. In fact, for e < —boa s / [Att), 
e ^ —1/n, A 2 acquires a nonvanishing imaginary 
part. For such (large) values of the space-time di- 
mension, the coupling decreases smoothly to zero, 
starting from the boundary value a s (Q 2 ), with- 
out encountering any singularity for real values of 
the scale. On the other hand, when the dimen- 
sion of space time is sufficiently close to d — 4, the 
Landau pole migrates to the real axis in the /i 2 
complex plane, which is also the integration con- 
tour for resummed expressions such as Eq. (2.6). 



*It should be noted that the use of dimensional rcgular- 
ization in this spirit is a customary tool in statistical field 
theory M 



As a result, the analytic expressions obtained by 
evaluating the integrals will develop a cut, which 
might appropriately be called Landau cut. 

One sees that dimensional continuation suc- 
ceds in regularizing the Landau singularity, aris- 
ing from resummation, much in the same way 
as it regularizes ultraviolet and infrared diver- 
gences in fixed order perturbative calculations: 
instead of an ill-defined expression, we will now 
find an analytic function of the coupling and of 
the space-time dimension, with a specified singu- 
larity (in this case a cut) when the physical value 
d = 4 is approached. Of course, the singular- 
ity has not been eliminated, since it has a physi- 
cal meaning and is ultimately related to confine- 
ment; rather, the singularity is now parametrized 
in a gauge-invariant manner, which might pro- 
vide insights into nonperturbative corrections to 
resummed physical quantities, if the method can 
be applied to infrared safe observables. 



4. One loop analytic resummation 

Given the discussion in the previous section, 
one expects that it should be possible to evaluate 
explicitly the integrals in Eq. (2.6). Furthermore, 
using for the running coupling the solution of the 
RG equation to a given order in /3(a s ), one ex- 
pects the result to be RG invariant, i.e. indepen- 
dent of the renormalization scale [i 2 , to the same 
accuracy. One can readily verify these claims at 
the one-loop level. Using Eq. ([2.4|), and changing 
variables according to 



(4.12) 



the anomalous dimension integral is easily per- 
formed, yielding a logarithm. The logarithm is 
not integrable over the scale £ 2 because of a sin- 
gularity at £ 2 = 0, which however is cancelled by 
the ^-independent co ntrib ution of the countert- 
erm function K, Eq. (2J3). Inserting the values 
of the one-loop coefficients of K, and G, and 
defining for simplicity 



(4.13) 
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one finds 



io g r 



-,a s (n ),e = - 



2C F 



(4.14) 



Li 2 



C(e) In 



iL. 

Q 2 



a(M 2 ) 



1-1^- 

1 Q 2 



where for clarity I considered the spacelike rather 
than the timclikc form factor, and 



C( e ) = (3-6(C(2)-8))/2 + 0(e 2 ) 



(4.15) 



arises from the one-loop contribution to the func- 
tion G. 



RG invariance of Eq. (4.14) is readily verified 
by reexpressing the running coupling in terms of 
a s (Q 2 ), using Eq. (2.4). One finds that the fi 2 
dependence cancels, obtaining 

-Q 2 



io g r 



M 
2C f 



,a s (/^ 2 ),e = lo g r(-l,« s (Q 2 ),e) 
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C(e) lo; 



1 

- Li 2 
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a(Q 2 ) 
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a(Q 2 ) 
a(Q 2 



(4.16) 



Eq. (4.16) is a striking illustration of the power 
of dimensional continuation; the resummed form 
factor has a simple analytic structure, character- 
ized by a cut (the "Landau cut"), which can be 
taken to run from e = —a{Q 2 ) to e = CP, as 
expected; one can reexpand Eq. ( 4.16 ) in pow- 
ers of a s (Q 2 ) for fixed e to recover known per- 
turbative results, or to generate the coefficients 
of all leading and next-to-leading infrared and 
collinear poles of the form factor; on the other 
hand, one can examine the behavior of the re- 
summed expression in the vicinity of the physical 
point e = 0; one finds then 



lo g r(~l,a s (Q 2 
1 3 



a(Q 2 ) 



log 



2C F 
a(Q 2 ) 



C(2) 



0(e) 



1 



a(Q 2 ) 
■ (4-17) 



One observes that the resummation of all leading 
poles in the logarithm of the form factor gives just 



a single pole, with a residue independent of the 
coupling and of the energy, up to logarithmic cor- 
rections. As will be seen below, one may conjec- 
ture that this is in fact the only pole in the com- 
plete perturbative resummation of the logarithm 
of the form factor. It is also worth noticing that, 
in the vicinity of e = 0, the form factor contains 
a finite term of the form exp(c/a s ), which would 
correspond to a power-behaved contribution of 
the type (A 2 /Q 2 )~ c in the four-dimensional the- 
ory. Although in the present case this term is of 
no direct physical significance, being associated 
with an IR divergent quantity, it is encouraging 
to see a term of this kind arising in a gauge- 
invariant way from the present formalism. Fi- 



nally, it should be mentioned that Eq. (4.16) can 
be tested by computing the ratio of the timelike 
to the spacelike form factor, which is found to 
agree with the results of || . 

5. Two loop analytic resummation 

To generalize to higher perturbative orders the 
calculation performed in Section ^, one can take 
advantage of the fact that integrations over the 
renormalization scale can be replaced by integra- 
tions over the coupling itself, using 



dfi da s 



(5.18) 



and truncating the perturbative (3 function to the 
desired order. It is easy to reproduce the one- 



loop result, Eq. (4.16), with this method. At two 
loops, one must change variables in both scale 
integrals according to 



d/i 2 
M 2 



da. 



1 



(5.19) 



and of course one must include in the calculation 
the two-loop coefficients of the functions K, G 
and All integrations can be explicitly per- 
formed by partial fractioning, and they yield log- 
arithms and dilogarithms, expressed in terms of 
the two nontrivial zeroes of the two-loop (3 func- 
tion. Writing 



1 ± 



(5.20) 
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one finds 

lo g r(-l,a s (Q 2 ),e) 



{G (1 \e)+a + G^(e)) log ( 1 
+ 2(7^+0,7^) 



h(a + - a-) 

a s (Q 2 ) 
ira + 
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2b\a+(a + — a~ 
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&i<2_(a + — a_) 



4e V 7ra + 



io g Mi-^ (Q2) 



Li 2 



log [ 1 - a s ^ ' ) log 



7ra+ 



7ra+ 
7ra + - a s (Q 2 ) 
7r(a + — a_) 

a s (Q 2 ) - 



Li 2 



7r(a+ — a_) 
+ (a+ <-* a_) . (5.21) 



It is fairly straightforward to verify that when the 
two-loop coe fficie nts {bi, Jjp, G^ 2 \ e)} a re taken 
to zero Eq. ( 5.21 ) reduces to Eq. ( |4 . 1 6|) . One 
can also study the behavior of Eq. ( |5.21 ) in the 
vicinity of e = 0; one finds that, as announced, 
the simple pole in the logarithm of the form fac- 
tor, given in Eq. ( 4.17 ), is not affected by the 
inclusion of two-loop effects, while the logarith- 
mic singularities are enhanced to log 2 strength. 
This result, together with the all-loop evaluation 
of the counterterm function K, strongly suggests 
that the residue of the simple pole in Eq. (4.17) 



receives no higher order perturbative corrections. 
It is apparent that the calculation leading to 



Eq. (5.21) can be generalized to any num ber o f 
loops: with the change of variables in Eq. fl5.18 ), 
one must deal at most with a double integral of a 
rational function, which is in general computable 
in terms of polylogarithms by means of partial 
fractioning. While this generalization would be 
purely formal at this stage, since the three-loop 
perturbative coefficients of the functions G and 
jk are not known at present, one may rely on the 
fact that the present method and results can be 
systematically improved upon when higher order 
perturbative calculations become available. 

6. Outlook 

I have shown that, in the case of the re- 
summed quark form factor, dimensional contin- 



uation provides a gauge- and RG-invariant reg- 
ularization of the Landau singularity. A general- 
ization of the present formalism to more compli- 
cated QCD amplitudes and cross sections, and in 
particular to the resummation of real soft gluon 
emission, would be of great theoretical and phe- 
nomcnological interest, since it would in princi- 
ple lead towards the construction of resummcd, 
RG-invariant partonic cross section, and might 
provide useful insights in the nature of nonper- 
turbative corrections to factorization theorems. 
With this in mind, it is encouraging to note that 
the form factor plays a key role also in the re- 
summation of real gluon emission ||, and that 
"Sudakov" resummation techniques are available 
also for more complicated QCD processes, involv- 
ing nonsiglet color exchanges |l(| . 
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